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Abstract
In this paper, we prove that the moduli of W∗-convexity, introduced by Ji Gao [J. Gao, The
W∗-convexity and normal structure in Banach spaces, Appl. Math. Lett. 17 (2004) 1381–1386],
of a Banach space X and of the ultrapower X˜ of X itself coincide whenever X is super-reflexive.
Moreover, we improve a sufficient condition for uniform normal structure of the space and its dual.
This generalizes and strengthens the main results of [J. Gao, The W∗-convexity and normal structure
in Banach spaces, Appl. Math. Lett. 17 (2004) 1381–1386].
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let X be a Banach space, and let BX := {x ∈ X: ‖x‖ 1} and SX := {x ∈ X: ‖x‖ 1}
denote the unit ball and unit sphere of X, respectively.
In [4], Gao introduced the modulus of W ∗-convexity of a Banach space X, as follows:
W ∗X(ε) = inf
{
1
2
f (x − y): x, y ∈ SX, ‖x − y‖ ε, f ∈ ∇x
}
.
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modulus is the same as one introduced by Bynum in [2] and by Prus–Szczepanik in [10].
More precisely,
W ∗X(·) =
1
2
βX(·) = VX(·).
This paper is organized as follows: In Section 2 we give some equivalent formulations
of the modulus of W ∗-convexity and prove that if a Banach space X is super-reflexive,
then the moduli of W ∗-convexity of the ultrapower X˜ of X and of X itself coincide. This
result improves Gao’s result without assuming the uniform convexity of the space. Using
ultrapower methods, in Section 3, we show that a Banach space X and its dual X∗ have
uniform normal structure whenever W ∗X(ε) >
1
2 max{0, ε − 1} for some ε ∈ (0,2).
2. The modulus ofW ∗-convexity
First we recall some basic facts about ultrapowers. Let F be a filter on N and let X
be a Banach space. A sequence {xn} in X converges to x with respect to F , denoted by
limF xi = x, if for each neighborhood U of x, {i ∈ N: xi ∈ U} ∈ F . A filter U on N is
called an ultrafilter if it is maximal with respect to set inclusion. An ultrafilter is called
trivial if it is of the form {A: A ⊂ N, i0 ∈ A} for some fixed i0 ∈ N, otherwise, it is called
nontrivial. Let l∞(X) denote the subspace of the product space
∏
n∈NX equipped with the
norm ∥∥(xn)∥∥ := sup
n∈N
‖xn‖ < ∞.
Let U be an ultrafilter on N and let
NU =
{
(xn) ∈ l∞(X): limU ‖xn‖ = 0
}
.
The ultrapower of X, denoted by X˜, is the quotient space l∞(X)/NU equipped with the
quotient norm. Write (xn)U to denote the elements of the ultrapower. It follows from the
definition of the quotient norm that∥∥(xn)U∥∥= limU ‖xn‖.
Note that if U is nontrivial, then X can be embedded into X˜ isometrically. For more details
see [11].
Lemma 1. (Bishop–Phelps–Bollobás [1]) Let X be a Banach space, and let 0 < ε < 1.
Given z ∈ BX and h ∈ SX∗ with h(z) > 1 − ε2/4, then there exists y ∈ SX and g ∈ ∇y such
that ‖y − z‖ < ε and ‖g − h‖ < ε.
Lemma 2. (Megginson [8]) Suppose that x, y ∈ SX and ‖x − y‖ = ε where 0 < ε < 2.
Then there exist sequences {xn}, {yn} ⊂ SX such that ‖xn − yn‖ > ε for all n ∈N, xn → x,
and yn → y.
S. Saejung / J. Math. Anal. Appl. 320 (2006) 543–548 545We first give equivalent formulations of the modulus W ∗X(ε).
Theorem 3. For a Banach space X and 0 ε < 2,
W ∗X(ε) = inf
{
1
2
f (x − y): x ∈ SX, y ∈ BX, ‖x − y‖ ε, f ∈ ∇x
}
= inf
{
1
2
f (x − y): x, y ∈ SX, ‖x − y‖ > ε, f ∈ ∇x
}
= inf
{
1
2
f (x − y): x, y ∈ SX, ‖x − y‖ = ε, f ∈ ∇x
}
.
Proof. For convenience, let W1(ε),W2(ε) and W3(ε) denote the infima in the proposition
in the order in which they occur. We first prove that W ∗X(ε)W1(ε). Let x ∈ SX , y ∈ BX
and f ∈ ∇x be such that ‖x − y‖ ε. Suppose that ‖y‖ < 1. Then y = λz + (1 − λ)z′ for
some z, z′ ∈ SX and λ ∈ (0,1) such that f (z) = f (z′) = f (y). By the triangle inequality,
we have
ε  ‖x − y‖ λ‖x − z‖ + (1 − λ)‖x − z′‖.
This implies either ‖x − z‖ ε or ‖x − z′‖ ε, so 12f (x − z)W ∗X(ε) or 12f (x − z′)
W ∗X(ε). Hence
1
2f (x − y)W ∗X(ε).
Now, we prove that W2(ε)W3(ε). Let x, y ∈ SX and f ∈ ∇x be such that ‖x−y‖ = ε.
Then there exist sequences {xn}, {yn} ⊂ SX such that ‖xn − yn‖ > ε for all n ∈N, xn → x,
and yn → y. Hence f (xn) → f (x) = 1. By the Bishop–Phelps–Bollobás Theorem, there
are sequences {x′n} ⊂ SX and {f ′n} ⊂ SX∗ such that f ′n ∈ ∇x′n for all n ∈N, f ′n −f → 0 and
x′n − xn → 0. Passing to subsequences we may assume that ‖x′n − yn‖ > ε for all n ∈ N.
Then
W2(ε) 
1
2
f ′n
(
x′n − yn
)= 1
2
(
f ′n − f
)(
x′n − yn
)+ 1
2
fn
(
x′n − xn
)+ 1
2
f (xn − yn)

∥∥f ′n − f ∥∥+ 12
∥∥x′n − xn∥∥+ 12f (xn − yn)
→ 1
2
f (x − y).
Finally, since
W1(ε)W2(ε) and W3(ε)W ∗X(ε),
the proof is finished. 
The following is our main result.
Theorem 4. Suppose that X is super-reflexive. Then W ∗X(·) = W ∗˜X(·) on [0,2). In particu-
lar, if W ∗X(ε) > 0 for some ε ∈ (0,2), then W ∗X(ε) = W ∗˜X(ε).
Proof. Clearly, W ∗X(ε) W ∗˜X(ε) for all ε ∈ [0,2). We now prove the reverse inequality.
Let x˜, y˜ ∈ S˜ and f˜ ∈ ∇x˜ be such that ‖x˜ − y˜‖ > ε where ε ∈ [0,2). We write x˜ = (xn)UX
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f˜ = (fn)U where fn ∈ X∗ for all n ∈N. Then, we have
lim
U
‖xn‖ = limU ‖yn‖ = limU ‖fn‖ = limU fn(xn) = 1, limU ‖xn − yn‖ > ε.
Put x′n = xn/‖xn‖, y′n = yn/‖yn‖, and f ′n = fn/‖fn‖ for all n ∈N. By the Bishop–Phelps–
Bollobás Theorem, there are sequences {x′′n} ⊂ SX and {f ′′n } ⊂ SX∗ such that f ′′n ∈ ∇x′′n for
all n ∈N, and limU ‖f ′′n − f ′n‖ = limU ‖x′′n − x′n‖ = 0. Then
1
2
f˜ (x˜ − y˜) = lim
U
1
2
fn(xn − yn) = limU
1
2
f ′n
(
x′n − y′n
)
= lim
U
1
2
(
f ′n
(
x′n − x′′n
)+ (f ′n − f ′′n )(x′′n)+ f ′′n (x′′n − y′n))
= lim
U
1
2
f ′′n
(
x′′n − y′n
)
W ∗X(ε).
This means that W ∗˜
X
(ε)W ∗X(ε) and the proof of the fist part is finished.
Finally, if W ∗X(ε) > 0 for some ε ∈ (0,2), then X is uniformly nonsquare (see [4]) and
hence super-reflexive (see [6]). This completes the proof. 
It is worth noting that [4, Theorem 3] is true with the weaker assumption.
3. Uniform normal structure
Let C be a nonempty bounded closed convex subset of a Banach space X. A mapping
T : C → C is said to be nonexpansive provided the inequality
‖T x − Ty‖ ‖x − y‖
for every x, y ∈ C. Now, a Banach space X is said to have the fixed point property if every
nonexpansive mapping T : C → C, where C is a nonempty bounded closed convex subset
of a Banach space X, has a fixed point.
Recall that a bounded convex subset K of a Banach space X is said to have normal
structure if for every convex subset H of K that contains more than one point, there exists
a point x0 ∈ H such that
sup
{‖x0 − y‖: y ∈ H}< sup{‖x − y‖: x, y ∈ H}.
A Banach space X is said to have weak normal structure if every weakly compact convex
subset of X that contains more than one point has normal structure. In reflexive spaces,
both notions coincide. A Banach space X is said to have uniform normal structure if there
exists 0 < c < 1 such that for any closed bounded convex subset K of X that contains more
than one point, there exists x0 ∈ K such that
sup
{‖x0 − y‖: y ∈ K}< c sup{‖x − y‖: x, y ∈ K}.
It was proved by W.A. Kirk that every reflexive Banach space with normal structure has
the fixed point property (see [7]).
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Theorem 5. If W ∗X(ε) > 12 max{0, ε − 1} for some ε ∈ (0,2), then X and X∗ have uniform
normal structure.
Proof. It suffices to prove that X has weak normal structure whenever W ∗X(ε) >
1
2 max{0, ε − 1} for some ε ∈ (0,2), since W ∗X(ε) > 0 implies that X is super-reflexive,
and then W ∗˜
X
(ε) = W ∗X(ε). Now suppose that X fails to have weak normal structure. Then,
by the classical argument (see [5]), there exists a weakly null sequence {xn}∞n=1 such that
lim
n
‖x − xn‖ = 1 for all x ∈ co{xn}∞n=1.
Let {fn} ⊂ SX∗ be such that fn ∈ ∇xn for all n ∈ N. By the reflexivity of X∗, we may as-
sume that fn w
∗−−→ f for some f ∈ BX∗ . We now choose a subsequence of {xn}∞n=1, denoted
again by {xn}∞n=1, such that
lim
n
‖xn − xn+1‖ = 1,
∣∣(fn+1 − f )(xn)∣∣< 1
n
, and
∣∣fn(xn+1)∣∣< 1
n
for all n ∈N. It follows that limn fn+1(xn) = limn(fn+1 − f )(xn) + f (xn) = 0.
Put x˜ = (xn − xn+1)U , y˜ = ((1 − λ)xn + λxn+1)U , and f˜ = (fn)U where λ ∈ [0,1).
Then
f˜ (x˜) = 1, ‖x˜ − y˜‖ 1 + λ, and 1
2
f˜ (x˜ − y˜) = λ
2
.
But, this implies W ∗X(ε) = W ∗˜X(ε) 12 max{0, ε − 1} for all ε ∈ [0,2).
Similarly, put x˜ = (fn)U , y˜ = (λfn+1 − (1 − λ)fn+2)U , and f˜ = (xn − xn+2)U where
λ ∈ [0,1). Hence
f˜ (x˜) = 1, ‖x˜ − y˜‖ 1 + λ, and 1
2
f˜ (x˜ − y˜) = λ
2
.
But, this implies W ∗X∗(ε) = W ∗˜X∗(ε) = W ∗(X˜)∗(ε)
1
2 max{0, ε − 1} for all ε ∈ [0,2). 
Since W ∗X(ε) δX(ε), the modulus of convexity defined by
δX(ε) = inf
{
1 − 1
2
‖x + y‖: x, y ∈ BX, ‖x − y‖ ε
}
,
we have the following corollary which strengthens Theorem 8 of Gao [3] and Corollary 3
of Prus [9].
Corollary 6. If δX(ε) > max{ ε−12 ,0} for some ε ∈ (0,2), then X and X∗ have uniform
normal structure.
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